
 
 

B.SC. FOURTH SEMESTER (HONOURS) EXAMINATIONS, 2021 

Subject:    Mathematics                                            Course ID: 42112 

Course Code: SH/MTH/402/C-9                                                           Course Title:  Multivariate Calculus 

Full Marks: 40                    Time: 2 Hours 

The figures in the margin indicate full marks 

  Symbols and Notations have their usual meaning 

1. Answer any  five of the following questions:                                                      2 × 5=10 

(a) Examine the continuity of the function  𝑓(𝑥, 𝑦)  at the point (0, 0), where 

  𝑓(𝑥, 𝑦) =  
𝑥 + 𝑦

𝑥ଶ +  𝑦ଶ
 ,     when  (𝑥, 𝑦) ≠ (0, 0) 

                                =   0 ,                   when  (𝑥, 𝑦) = (0, 0).  

(b) If  𝑢 =  𝜑(𝑥 + 𝑐𝑡) +   (𝑥 − 𝑐𝑡), then show that    డమ௨

డ௧మ =  𝑐ଶ  
డమ௨

డ௫మ   where  𝜑 and    are two 

differentiable functions and  𝑐 is a constant. 

(c) Show that the set  𝑆 =  {(𝑥, 𝑦) ∶  𝑥ଶ  + 𝑦ଶ   < 1} is an open set which is not  closed. 

(d) If 𝑧 = 𝑥ଷ − 𝑥𝑦 + 𝑦ଷ, 𝑥 = 𝑟𝑐𝑜𝑠𝜃, 𝑦 = 𝑟𝑠𝑖𝑛𝜃,  find డ௭

డ௥ 
 and డ௭

డఏ 
. 

(e) For what value of  𝑎 , the vector  F ሬሬ⃗ = 𝑥𝑧  𝚤ො  +  𝑥𝑦𝑧 𝚥̂ + 𝑎𝑦ଶ 𝑘෠   is irrotational?   

(f) Find the work done in moving a particle in the force field  𝐹 ሬሬሬ⃗ = 2𝑥ଶ  𝚤ො  + (𝑥𝑧 + 𝑦) 𝚥̂  +  3𝑧 𝑘෠  

along the curve  𝑥 = 2𝑡, 𝑦 = 𝑡, 𝑧 = 𝑡ଶ  from  𝑡 = 0  to   𝑡 = 1 . 

(g) Find the maximum value of the directional derivative of ∅ = 𝑥𝑦ଶ + 2𝑦𝑧 − 3𝑥ଷ𝑧ଶ at          

(1, −1,1). 

(h) Find the circulation of 𝐹⃗ around the curve C, where  𝐹⃗ = (2𝑥 + 𝑦ଶ)𝚤̂ + (3𝑦 − 4𝑥)𝚥̂ and 𝐶 is 

the curve 𝑦ଶ = 𝑥   from (1,1)  𝑡𝑜 (0,0). 

2.  Answer any  four of the following questions:                                                               5 × 4=20 

(a)  i) If  𝑧 = 𝑓(𝑥, 𝑦) where  𝑥 =  𝑒௨ cos 𝑣 ,   𝑦 =  𝑒௨ sin 𝑣 , show that                              

𝑦
𝜕𝑧 

𝜕𝑢
+  𝑥

𝜕𝑧 

𝜕𝑣
= 𝑒ଶ௨  

𝜕𝑧 

𝜕𝑦
. 

 ii) Find the value of  𝑡 so that the vector   𝐹⃗ = (𝑥 + 3𝑦)𝚤̂  + (𝑦 − 2𝑧)𝚥̂ − (𝑥 + 𝑡𝑧)𝑘෠   is 

solenoidal.                                                                                                                                            3+2 

(b) Evaluate 

ඵ[2𝑎ଶ −  2𝑎(𝑥 + 𝑦) −  (𝑥ଶ + 𝑦ଶ)]

ோ

  𝑑𝑥 𝑑𝑦 

where 𝑅 is the region bounded by the circle   𝑥ଶ + 𝑦ଶ + 2𝑎(𝑥 + 𝑦) = 2𝑎ଶ.     



 
 

(c) Verify Green's theorem in the plane for  

ර[(𝑥𝑦 + 𝑦ଶ)𝑑𝑥 +  𝑥ଶ 𝑑𝑦]

஼

 , 

where 𝐶 is the closed curve (boundary) of the region bounded by 𝑦 =  𝑥  and  𝑦 = 𝑥ଶ, taken 

counterclockwise.                                                                                                                                                                  

(d) If 𝑓(𝑥, 𝑦) = 𝑥𝑦 when |𝑥| ≥ |𝑦| 

               = −𝑥𝑦 when |𝑥| < |𝑦|. 

Show that 𝑓௫௬(0,0) ≠  𝑓௬௫(0,0). 

(e) Evaluate the surface integral ∬ 𝐹⃗. 𝑛ො𝑑𝑆  where 𝐹⃗ = 𝑧𝑥𝑦𝚤̂ + 𝑦𝑧𝚥̂ + 𝑥𝑘෠  and 𝑆 is the surface of 

the sphere 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 4 in the second octant. 

(f) Prove that a vector field is conservative if and only if it is irrotational. 

3.  Answer any  one of the following questions:                                                                             10 × 1=10 

a) i) State Gauss' divergence theorem and use it to evaluate 

ඵ 𝐴  ∙  𝑛ො  𝑑𝑆

ௌ

 

 where  𝐴ሬሬሬ⃗ = 𝑥ଷ 𝚤̂  + 𝑥ଶ 𝑦 𝚥̂  + 𝑥ଶ𝑧  𝑘෠    and  𝑆  is the closed surface bounded by the cylinder  

𝑥ଶ  + 𝑦ଶ =  4 and the planes 𝑧 =  0  and  𝑧 =  2.                           1+5                                         

ii) If   𝐴  is a differentiable vector function and  𝜑  is a differentiable scalar function, then show 

that      ∇ሬሬ⃗   ×  ൫𝜑 𝐴 ൯ =  ൫∇ሬሬ⃗  𝜑൯  × 𝐴  +  𝜑 ൫∇ሬሬ⃗   ×  𝐴൯.                                                                          4 

b)  (i) If 𝐹⃗ is a continuous vector function defined on a smooth surface S then prove that  

∬ 𝐹⃗. 𝑛ො𝑑𝑆 = ∬ 𝐹⃗. 𝑛ො
ௗ௫ ௗ௬

ห௡.ෝ ௞෠ หோ
 

ௌ
, provided 𝑛ො. 𝑘෠ ≠ 0 and 𝑅 is the orthogonal projection of 𝑆 on 

the 𝑥𝑦 plane.                                                                                                                           6 

(ii) Find the maximum or minimum value of 𝑓(𝑥, 𝑦, 𝑧) = 𝑥௠𝑦௡𝑧௣ subject to the 

condition ௔
௫

+
௕

௬
+

௖

௭
= 1 by using the method of Lagranges multiplier.                                   4                                             
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